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We investigate effects of consistent (conserving the number of degrees of freedom) and inconsistent 
pion-nucleon-isobar couplings on the isobar propagator in vacuum and in nuclear medium. Using 
the consistent coupling in conjunction with a convenient basis leads to significant simplification 
of the isobar vacuum and in-medium self energy and dressed propagator compared to the case 
of inconsistent interaction. The higher- derivative nature of the consistent interaction requires a 
suitable compensation by an additional form-factor term or adjustment in the used cut-off values. 
This modification is straightforward to perform and assures that the physical observables connected 
to the spin-3/2 sector in vacuum and nuclear medium acquire values indistinguishable from the ones 
obtained by using an inconsistent coupling. 



I. INTRODUCTION 

Relativistically covariant description of particles with 
spin one or higher faces the problem of too many degrees 
of freedom present in the covariant field variables. The 
superfluous degrees of freedom can be eliminated by im- 
posing auxiliary conditions aSjfor example, in using the 
Rarita-Schwinger description [l| of the spin-3/2 isospin- 
3/2 A(1232) baryon (in the following referred to as the 
isobar). However, after introducing interactions of the 
high-spin fields in general they acquire unphysical de- 
grees of freedom, for example in the isobar propagator 
spin-1/2 components appear. A way out of this problem 
has been shown in Ref. 0, where couplings consistent 
with the gauge invariance of the Rarita-Schwinger field 
were constructed, which preserved the correct number of 
degrees of freedom. Further investigations have shone 
more light on the fundamental and phenomenological re- 
lations between the widely used inconsistent (in the sense 
of not conserving the number of degrees of freedom) and 
gauge invariant (consistent) interactions 

In general the consistent coupling of a higher-spin field 
is of higher order in derivatives than the inconsistent in- 
teraction with the lowest number of derivatives. Recently 
it has been pointed out @, 0] that this introduces addi- 
tional incoming-energy powers in the cross sections which 
could lead to incorrect determination of the mass of high- 
spin intermediate particle because of the shifted energy 
peak. In order to avoid this problem a suitable modifi- 
cation of an applied form- factor was suggested [fj . 



II. ISOBAR PROPAGATOR IN VACUUM AND 
PION-NUCLEON SCATTERING 



We take the free isobar propagator in the standard 
form 
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and start by computing the full relativistically covariant 
structure of the isobar propagator in vacuum using in- 
consistent as well as consistent pion-nucleon-isobar cou- 
plings. For the former we take the widely used form Q: 

£,NA = ftrNA0«7lAg {g aP + CL^ a )N + h.C. (2) 

with the off-shell parameter a. For the consistent cou- 
pling we take the nontrivial lowest order in derivatives 
expression Q: 
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with isospin factors not shown in both cases. 

To represent the isobar self-energy and propagator we 
use a convenient orthogonal basis introduced in Ref. Q 
and used for describing the isobar in the nuclear medium 
in Ref. [l(J. The basis consists of 40 terms made up 
by with i,j = 1,2 and P^ with i,j = 1,...,6 

which depend on the isobar four-momentum and the four- 
velocity of the nuclear medium and satisfy the orthogo- 
nality relations (for defintion and details see Ref. [Tfjj): 
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In vacuum only those elements are relevant which do not 
contain the four- velocity of the medium. These elements 
can be obtained by defining 
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and taking the diagonal terms P^ , P^2] > -^[33] > -^[44] as 
well as the non-diagonal ones: P^s] 1 ^[31] i ^(2!] > -^[42] P ro " 
viding the required 10 terms already used, in differ- 
ent form, in Ref. [il| . This is in accordance with the 
presence, apart from the spin-3/2 part, of two spin-1/2 
sectors of opposite parity and their mixing in the vac- 
uum Rarita-Schwinger propagator [l2j . The spin-3 / 2 and 
spin-1/2 projection operators [l3T ] can be expressed as: 

(p3/2\nv _ rftw 1 r)'^ 
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The Lorentz structure of the inconsistent coupling @ 
can be similarly decomposed (in momentum space): 

or + ayv) 9, = (05 + + (i + 3a )(^ii] + ^22]) 

+ (l+«)(^3]+^4]) 

+ V3a(P^ ] +P^ ] -P>Z ] - P^))q v , (7) 

with g being the pion four- momentum. The expression 
for the consistent coupling Q turns out much simpler in 
this basis: 
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where p is the isobar four-momentum. 

Expanding the free isobar propagator (and its inverse) 
in terms of Q'^ and -P/j'jj and doing the same with the 
vacuum self energy: 
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the Schwinger-Dyson equation for the vacuum propaga- 
tor 
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becomes a matrix equation for the coefficients appearing 
in the expansion of the dressed vacuum propagator: 
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The obtained propagator we use to repeat the calculation 
of Ref. [llj for the pion-nucleon phaseshift in the spin- 
3/2 isospin-3/2 channel, but using the consistent cou- 
pling The isobar self energy for this case is given in 
Appendix by expressions (IA.2[) . In the adopted basis the 
computation is especially simple, since the phaseshift <5 
is given through the ratio of the imaginary and real part 
of the coefficient of Qr^ since this projector corresponds 
to the positive-energy spin-3/2 term: 
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In Fig. Q] the obtained phaseshift is shown by dash line 
using parameter values form Ref. [llj], i- e - S^naV-^a = 
^GeY" 1 and A 
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FIG. 1. Pion-nucleon phaseshift in the spin-3/2 isospin-3/2 
channel calculated with the consistent coupling p). The 
points represent measurements from Ref. [T3 ] , the dash line is 
the calculated result with coupling and form-factor from the 
fit using the inconsistent coupling ([2]), while the solid line is 
obtained with insertion of additional form-factor 1)140 , 



The higher derivative order of the consistent coupling 
introduces a slight departure from the result with the 
inconsistent coupling seen as a small mismatch of the 
dash line and measurement points, but this can be easily 
corrected by an additional term in the form-factor, as 
advocated in Refs. [a,0| : 
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Using A c = 1.2 GeV the solid-line result in Fig. [T| is ob- 
tained. The non-analytic form of the expression (fT4)) is 
not expected to present any problems in physical applica- 
tions where always the square of the form-factor appears. 
Also, the pole in expression (fT4]) should be kept far from 
the physical region, i.e. one should use A c w 

The vacuum self-energy (|A.ip for inconsistent coupling 
has many more nonzero components than the one for the 
consistent coupling (|A.2[) and they induce nonzero vac- 
uum propagator components which are zero for consis- 
tent coupling. However, they are in general much smaller 
than the dominant spin-3/2 component, as can be seen 
in Fig. [2] which shows the imaginary parts of the vacuum 
propagator components (coefficients of projectors Qm*^ 
and P^jj) when the off-shell parameter a = 0. The terms 
corresponding to the spin-1/2 sector have been multi- 
plied by 100. Choosing a = — 1 produces significantly 
different spin-1/2 sector as shown in Fig. [3j but these 
terms are still much smaller than the spin-3/2 sector. In 
order to be able to see them they have been multiplied 
by a factor of 20 in Fig. [3] One can conclude that the 
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FIG. 2. Imaginary parts of the isobar vacuum propagator 
components for inconsistent coupling. The components of 
the spin- 1/2 sector have been multiplied by 100 in order to 
be visible. 
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FIG. 3. The same as Fig. [2] but when the off-shell parameter 
a = — 1, with multiplication factor 20 for the spin- 1/2 terms. 



an inconsistent isobar coupling can be transformed into a 
consistent one plus additional interactions involving the 
spin-1/2 degrees of freedom. With the latter approach a 
clear separation of different contributions to observables 
concerning their origin is achieved. 



III. ISOBAR PROPAGATOR IN THE NUCLEAR 
MEDIUM AND NUCLEAR 
PHOTOABSORPTION 



We turn to the investigation of the in-medium isobar 
propagator. In this case, even in rotatioanlly symmetric 
nuclear medium, the rotational symmetry for a moving 
isobar is broken, since the direction of the velocity with 
respect to the medium introduces a preferred direction 
and only rotations around that axis are symmetry oper- 
ations [15|. This means that only the helicity is a good 
quantum number and the spin-1/2 sector gets legitimate 
contributions even for the case of consistent isobar cou- 
pling. The projectors with i.j — 1,2 correspond to 
the helicity-3/2 space, while the Ph« 



with i,J ' = 1 >---5 6 

span the helicity- 1/2 space. In this way the helicity de- 
generacy in vacuum is lifted and the propagator coeffi- 
cients of and P^ +i 4+i ] (i = 1,2) are not identical if 
the isobar is moving in the medium. 

The isobar in-medium self-energy decomposition now 
becomes: 



(15) 

with expansion coefficients a[9) and given in Ap- 
pendix based on the pion-nucleon loop. The isobar prop- 
agator is expanded in an analogous way: 
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We present results for both consistent and inconsistent 
coupling and including mean-field shifts of the nucleon 
mass and energy in the medium. In order to suppress 
the pion off-shell contribution we use an off-shell form 
factor of the dipole form: 



terms induced in the isobar propagator by the inconsis- 
tent coupling @ in the spin-1/2 sector are much smaller 
(by about two oreders of magnitude) from the spin-3/2 
contribution if the off-shell parameter is of order unity. 
While this effect gives negligible contributions to the in- 
trinsically spin-3/2 related observables it can have non- 
negligible effects when fitting observables related to the 
spin-1/2 background thus affecting the obtained param- 
eter set characterizing the interactions. This is not sur- 
prising since it has been shown Q that by field redefintion 
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with A n = 1.2GeV. The in-medium pion propagator we 
take from Ref. 16] and use the same values for the nu- 
cleon mean- field self energy as in Ref. [13] • We concen- 
trate on comparing results for the nuclear photoabsorp- 
tion in the isobar region and thus perform calculations at 
0.8 times saturation density by taking the Fermi momen- 
tum kp — 250MeV. The used nucleon mean- field shifts 
are obtained by rescaling the saturation-density values 
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FIG. 4 

isobar propagator expansion (|16[) . Solid line is for the con 
sistent pion-nucleon-isobar coupling and dash line for the in- 
consistent coupling. The two sets of curves coincide if the 
effect of the additional form-factor (|14p is included for the 
consistent coupling with A c = 1.2GeV. 



the scalar and vector contributions. We first examine 
the dominant contributions to the isobar propagator by 
comparing the imaginary parts of the Q^-n and Pf^a pro- 
jectors. They correspond to (on-shell) positive energy 
helicity-3/2 and helicity-1/2 terms originating from the 
vacuum spin-3/2 sector. We work in the rest frame of 
the medium and use the isobar energy po and momen- 
tum |p| as variables. In Fig. [4] we show the helicity-3/2 
components (QKji coefficients) for diferent isobar mo- 
menta, with solid line corresponding to consistent cou- 
pling and dash line to inconsistent one using identical 
form-factors. Fig.[5]shows analogous helicity-1/2 results, 
i.e. coefficients of the projector. Including the ef- 
fect of the additional form- factor (Tl4"]) with A c = 1.2GeV 
for the consistent coupling gives curves indistinguishable 
from the ones of the inconsistent coupling. 

As an observable of special interest regarding the iso- 
bar in-medium properties the nuclear photoabsorption 
deserves special attention. Our main purpose here is the 
comparison of the isobar s-channel contribution (to the 
photon-nucleon scattering amplitude) when the dressing 
of the isobar is performed by consistent and inconsistent 
couplings, thus we refrain from discussion of background 
contributions (l7j | . The total nuclear photoabsorption 
cross section per nucleon can be written as [loj : 
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where q and k are the photon and nucleon four-momenta 
and A 7 jv(<Z, k) is the photon-nucleon forward scattering 
amplitude. Taking for the 7 AT A interaction the dominant 



FIG. 5. The same as Fig. [4] but for the imaginary part of 
G[ 5 P 5 ](po,b1). 



magnetic dipole form (181 ] which is of consistent type, 
the forward scattering amplitude based on the tree level 
amplitude involving the s-channel isobar is given by fiol ] : 

A^{q, k) = \ g 2 m hi ( Yl a§ (k, g)G(| (q + k, u) 



+ ]T a{^(k,q)G[^( q + k,u) , (19) 

».2=1 / 

where h m = Ze / 2M n(M n + M and g m is the magnetic 
dipole coupling. The expressions for nonzero a^){k,q) 

and a^j)(k,q) terms are given in the Appendix by ex- 
pressions (|A.6I) for the nucleon with mean-field energy 
and mass shift. In Fig. [5] the nuclear photoabsorption 
cross section is given as calculated with isobar dressed us- 
ing inconsistent and consistent pion-nucleon-isobar cou- 
plings. The full line gives the result with inconsistent 
coupling where an in-medium mass shift of — 80MeV for 
the isobar was introduced as a compensation for the nu- 
cleon binding. Performing the computation with the 
consistent coupling produces the dash line. The differ- 
ence between the two results can be attributed to the 
higher derivative order of the consistent coupling leading 
to sharper and somewhat softer spectral functions as one 
can see in Figs. [4] and [5] Compensating the higher mo- 
mentum power by the additional form factor (1141) brings 
the consistent-coupling result to coincide with that of 
the inconsistent one. A similar effect can be achieved 
by decreasing the cut-off in ^T3j to A = 0.93GeV (still 
giving a reasonable pion- nucleon phaseshift), increasing 
the off-shell one in (fTT)) to A w = 1.45GeV and increasing 
the isobar in-medium mass by lOMeV, for which case the 
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FIG. 6. Calculated nuclear photoabsorption cross section 
(lines) compared to measurements on heavy nuclei (points 
with and without error bars) from Ref. [191 ]. Solid line is for 
the inconsistent and dash line for the consistent pion-nucleon- 
delta coupling with identical form factors. Decreasing the 
cut-off in (|13|) to A = 0.93GeV and increasing the off-shell 
one in (|17|) to = 1.45GeV produces the dash-dot line for 
consistent coupling. Incorporating the form factor (|14|l brings 
the dash line to coincide with the solid one. 

consistent-coupling result is shown in Fig. [6] by the dash- 
dot line. We observe that that the most significant con- 
tributions to the cross section come from GhQ (p, u) and 

GnS (p, u), i.e. the dominant helicity-3/2 and helicity-1/2 
terms stemming from (positive energy) vacuum spin-3/2 
sector. 

IV. CONCLUSIONS 

We have studied the effect of using consistent and in- 
consistent 7rNA couplings for isobar dressing in vacuum 
and nuclear medium. Using a convenient basis we per- 
formed complete relativistic calculation of the isobar self 
energy based on the pion-nucleon loop for both consis- 
tent and inconsistent couplings and then computed the 
complete relativistic propagator. The vacuum compu- 
tation confirmed that the inconsistent coupling induced 
new structure in the spin- 1/2 sector of the vacuum prop- 
agator which was absent when using the consistent inter- 
action. The vacuum self energy components of the spin- 
3/2 sector show identical structure for both couplings, as 
one can see by comparing the Q'-space terms of (|A.1|) 
and (|A.2[) . apart from the p 2 factor for the consistent 
coupling coming from its higher derivative nature. The 
spin- 1/2 terms induced by the inconsistent coupling are 
about two orders of magnitude smaller than the (positive 
energy) spin-3/2 term if the off-shell parameter a in ex- 



pression ([2j is of order one, making their contribution to 
observables receiving contribution also from the spin-3/2 
sector negligible. However, these terms may play essen- 
tial role in affecting the spin- 1/2 background, thus ob- 
scuring the origin of different contributions to the latter. 
Apart from clearly separating the origin of different spin 
contributions the advantage of the consistent coupling 
is the much simpler structure of the isobar self energy 
contributions in a suitable basis as the one used in the 
present approach. 

One apparent disadvantage of consistent interactions 
is that they are in general of higher derivative order 
than the inconsistent ones [6J . This means that suppres- 
sion of high-momentum contributions needs some adjust- 
ments compared to the case with inconsistent coupling. 
However, as shown by direct calculation, the difference 
is straightforward to establish and simple to make the 
needed correction in the applied form factor. Only if 
a specific subtraction scheme relying on definite high- 
momentum behavior is used instead of form factors, as 
in Ref. fl7j , would the introduction of higher-momentum 
terms necessitate a possibly significant revision of the 
subtraction procedure. 

In the nuclear medium, even if it is spherically sym- 
metric, the spin quantum number of a moving particle 
loses its mea ning and only the helicity is a good quan- 
tum number [lOl HB |. The isobar self energy acquires 
considerably more terms depending on both the energy 
and momentum, but the simpler structure for the con- 
sistent coupling is still present as one can see by com- 
paring expressions (|A.3[) and (IA.4I) . The expressions re- 
sponsible for the dominant terms in the isobar propa- 
gator, <7^j(p, u) and er^j(p, u), are the same for both 
couplings apart from the ubiquitous factor of p 2 for the 
higher-derivative consistent coupling. As a consequence 
the dominant helicity-3/2 and helicity-1/2 spectral func- 
tions differ slightly if the same form factor is applied as 
shown in Figs. 2] and [5j This difference can be easily 
eliminated by inserting a supplemental form-factor com- 
pensating the additional momentum factor in the con- 
sistent coupling or by adjusting the cut-off parameter in 
the original form factor. Calculation of the nuclear pho- 
toabsorption cross section based on the magnetic dipole 
coupling which is of consistent type reflects the similarity 
in the Gj^j (p, u) and G^2 (p, u) spectral functions since 
the other terms in decomposition (|16[) are much smaller 
and do not give significant contributions to the cross sec- 
tion in the present calculation, but this may change in 
case of larger densities or other observables. 

Based on the present explicit calculation we conclude 
that using the consistent pion-nucleon-isobar coupling 
has a number of advantages compared to the widely used 
inconsistent form. In case of free space (vacuum) com- 
putations it is primarily the elimination of the relatively 
small (compared to the spin-3/2 term) spurious spin-1/2 
background of the induced spin-1/2 sector of the isobar 
propagator but also the much simpler form (in a suitable 
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basis) of the isobar self energy and dressed propagator. 
Simplification of the full isobar self energy is also present 
in the nuclear medium although in this case the spin is 
not a good quantum number anymore and even the con- 
sistent coupling allows for mixing of different spin val- 
ues. However, a possible ambiguity connected to different 
off-shell parameter values in @ is avoided by using the 
consistent interaction. The presence of higher powers of 
momentum in vacuum and in-medium isobar self energy 
when using the consistent coupling requires some adjust- 
ment of the used form factors and possibly the isobar 
in-medium mass when fitting physical observables, but 
the required correction is straightforward to perform. 



Appendix 

The pion-nucleon-loop isobar vacuum self energy was 
calculated in Ref. [1J| for the inconsistent coupling @, 
but since there a different basis was used we give here 
the nonzero coefficients of the decomposition (|9|): 
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with ^ = Pi(p 2 ) given in Ref. [Tlj with coupling g corre- 
sponding to g^NA- 

For the consistent coupling (j3|) the number of nonzero 
terms is much smaller and we see the effect of higher- 
derivative coupling in the additional factor of p 2 (the 

coupling g should now be replaced with A^j^a/Ma): 
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The in-medium isobar propagator depends also on the 
4-vector u characterizing the medium 4-velocity. We 
present the nonzero expressions for the isobar self-energy 
expansion coefficients °"[y]' m CSI showing only term 
with i < j since they are symmetric under interchange 
of i and j. We start with the case of consistent coupling 
©: 
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Here Ejy and Ejy are the scalar and vector parts of the 
mean-field nucleon self energy, with = M, 



in 



For the case of inconsistent coupling ([2]) we give the 
coefficients f° r the case with a = 0, but general- 

izing the expressions given in Ref. [l(| to the case with 
nucleon mean- field self-energy shifts taken into account: 
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- V^(2L 3 - £5) + 2L 7 - L 12 + T, v N p v (L e - ^p 2 L 2 ) 



/2 

^- [(M* N + X v N p )(L 3 + L 5 ) + L 7 + L 12 ] , 



tV2 



[2L S - L n + a v N p v (L 5 - L 3 )] 



(M* N + X v N p )p 2 L + (p 2 - 2{M* N + E^p )vV)£i + (M* N + X v N p - 2vV )£ 4 + L 9 , 



p A L 2 + 2^/p 2 L 6 - L10 + <r v N p v {p 2 L - 2^/p 2 L 1 + L± 



-{M* N + X v N po)VP 2 L2 + (M* N + Z v NPo - vV)£6 + L 



3 

2 r 



in 



p 2 (L 3 + L 5 ) +L 7 + Lis + Y,' L N p v Wp 2 L 2 - L 6 )J , 
(M£ - Z v N p )p 2 L - {p 2 + 2{M* N - S^Po) Vp")£i + ~ S wA> ~ 2V^)£ 4 + £9, 
-^(L 3 + L 5 ) + L 7 + L 12 + ^Pv(Vp 2 ~L 2 - L 6 ) , 
-(Afft - ^ v N p )V?L 2 + (M]!f - X v nPo + \fp 2 )L & - L 10 | , 



2 r 



[66] - 3 



[5L 8 + 2L u -T, v N p v (L 3 + 2L 5 )], 

[(M* N - S^Po)(£ 3 - 2L 5 ) - £7 + 2i 12 ] , 



(A.4) 



with p = Po/yP 2 i Pv = |p|/vP 2 - The pion-nucleon loop integrals Li{p,u) are regulated by the form factor in the 
pion-nucleon-isobar vertex. That assures the imaginary part of the loop approaches zero at large energy sufficiently 
fast for the dispersion integral of the real part to be convergent. The imaginary part of the loop integrals is given by 



lmLi(p,u) = — — 



k 2 dk 
~£T 



djiFip, k) 2 ImD n (p - E k , \p- k\)Ki(p,k), 



(A.5) 



where F(p, k) is the 7rNA form factor, /1 = cosf?(jT, k), D n the in-medium pion propagator and the functions Ki(p, k) 
are defined in Ref. ;10]. In connection with the latter we remark that in K 3 (p,k) the M 2 ^ should be replaced by 

k^ — k 2 where fco = \J Mff + k 2 + £V The coupling g denotes g^NA for the case of inconsistent pion-nucleon-isobar 

(con) 



interaction @, while for the consistent interaction ([3]) it coresponds to x/p^^wNA ,/Ma- 
i$(k,q) and a[ P J 



The functions af'j (fc, g) and a| P ? (fc, g) are calculated for the nucleon with mean-field scalar and vector self energies 
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thus again generalizing corresponding results of Ref. [10( : 



AQ) _ P 



= *-(M% + £^o) [(X ■ fc) 2 - fc 2 + (fc • p) 2 } , 



AQ) 



l [66] 



-ip 



(A • fc* + -L v nPv ) [k 2 - (k ■ p) 2 - {X ■ kf 



«[2 Q 2] = t( M ~ " ' fc ) 2 ~ P + ( fc ' ^ J > 



,( p ) - 



2 

-2p 2 



(M* -£^5 )(fc 2 -(fc-p) 2 ), 



(P) _ 4ip 2 



[121 



l [15] - 

l (P) - 

[16] _ 

l (P) - 

l [22] — 

1 {P) - 

l [25] ~ 

'[26] — 

l [55] - 

l (P) - 

l [56] - 



3 



X ■ k (k ■ k* — k ■ p k* ■ p — T, v N p v X ■ fc), 



3 
3 

-2p 2 
3 

3 

(P) 



X • fc 



3fc 2 - fc • fc* - 3(fc • p) 2 + k-pk* -p + E v N k v X ■ k 



~(k-p) 2 + 3{x -ky 

V" N p ) (k 2 - (k ■ p) 2 ) , 



(AT 

(MT + S^Po) fc 2 - (fc • j5) 2 + 3 (X • fc)' 



(AT* + Z v nPo ) 5fc 2 - 5(fc ■ p) 2 + 3 (X ■ fc)' 



^- [-4X • fc (fc • fc* - fc • p fc* • p) + (S^p„ + X • fc*)((fc • p) 2 - fc 2 ) 



-(A-fc) 2 (5£^P, +9A-fc*)] , 

^f-(AT - £^p ) f5fc 2 - 5(fc • p) 2 + 3 (X • fc) 2 
O L 



(A, 



where M| = Mjy ± fc* • p/y^p*, p = p/VP 2 and fc* 
(^M^ 2 + fc 2 ,fc). 
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